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RATIONAL CURVES ON V5 AND RATIONAL SIMPLE
CONNECTEDNESS
ANDREA FANELLI, LAURENT GRUSON, AND NICOLAS PERRIN
Abstract. In this paper the notion of rational simple connectedness for the
quintic Fano threefold V5 ⊂ P6 is studied and unirationality of the moduli
spaces M
bir
0,0(V5, d), with d ≥ 1 is proved. Many further unirationality results
for special moduli spaces of rational curves on quadric hypersurfaces and del
Pezzo surfaces are obtained via explicit birational methods.
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Introduction
Given a smooth polarised rationally connected variety X over C, we are inter-
ested in studying the Kontsevich moduli spaces M0,m(X, d) of rational curves on
X with sufficiently large degree d. Our main motivation comes from the series of
works by de Jong and Starr (cf. [dJS06b], [dJS06c], [dJS06a], [dJS07], etc.). Start-
ing form the seminal work [GHS03], whose main result guarantees that a rationally
connected fibration over a smooth curve has a section, de Jong and Starr explore
numerical and geometric conditions on the general fibre of a rationally connected
fibration over a surface which guarantee the existence of a rational section.
This deep analysis originated the new notion of rational simple connectedness
and was applied to the case of homogeneous varieties to prove Serre’s Conjecture II
(cf. [dJHS11]). This notion has several variations, but heuristically is the algebraic
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analogue of simple connectedness in topology: a variety X is rationally simply
connected if for d sufficiently large, the evaluation map
ev2 : M0,2(X, d)→ X
2
is dominant and the general fibre is rationally connected (cf. Definition 1.10).
The reason why one requires this property for large enough d is that the behaviour
of moduli spaces of rational curves in low degree can be atypical or, more simply,
these spaces can be empty.
In [dJS06a], the authors also introduce a strong version of rational simple con-
nectedness, which requires the existence of a “very free” ruled surface in X (a so
called very twisting scroll). In this paper we start from the easier notion introduced
in [dJS06a, Section 1] for varieties with Picard-rank one and propose a general defi-
nition for arbitrary rationally connected varieties (cf. Definition 1.10 of canonically
rationally simply connected variety).
Rational simple connectedness is very subtle and very few examples are known;
the picture has been clarified for complete intersections in projective spaces ([dJS06a],
[DeL15]), homogeneous spaces ([dJHS11], [BCMP13]), and hyperplane sections of
Grassmannians ([Fin10]). The main result of this paper is the following.
Theorem. (= Theorem 4.9) The Fano threefold V5 ⊂ P6, obtained as linear section
of Gr(2, 5) ⊂ P9, is rationally simply connected.
The importance of this example comes from its very specific geometry: it is a
smooth rational quasi-homogeneous (with respect to a SL2-action) Fano threefold
which is not 2-Fano (cf. [AC12], [AC13]). Although rational simple connectedness
in not a birational property, the birational geometry of V5 ⊂ P6 is well known
(cf. Section 4) and our strategy consists in reducing the study of moduli spaces of
rational curves on V5 to some special moduli spaces on the quadric threefold Q3.
The same methods give the following.
Proposition. (= Proposition 4.8) For any d ≥ 1 the moduli space M
bir
0,0(V5, d) of
stable maps birational onto the image is irreducible, unirational of dimension 2d.
Our methods also provide some results for del Pezzo surfaces.
Theorem. (= Theorem 3.2) Let Xδ be a del Pezzo surface of degree δ ≥ 5. Then
Xδ is canonically (strongly) rationally simply connected.
This paper is organised as follows. In Section 1 the definition of canonically
rationally simply connected variety and its strong variant are introduced and some
general results on moduli spaces of rational curves on smooth varieties are recalled.
Section 2 is devoted to first examples: the projective space Pn and the quadric
hypersurfaceQn ⊂ Pn+1. We obtain precise statements on moduli spaces of rational
curves on these varieties which will be crucial for our birational approach to rational
simple connectedness.
In Section 3 we test our new notion on del Pezzo surfaces (de Jong-Starr’s definition
only applies to varieties with Picard rank one) and the main result is proved in the
first part of Section 4. We conclude studying rationality of moduli spaces of rational
curves on V5 in low degree: new proofs of rationality of moduli spaces of quintic
and sextic rational curves are provided, via explicit birational geometric methods.
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1. A notion of rational simple connectedness for Fano varieties
Let X be a smooth projective variety of dimension n over C. We follow [FP97]
for the notation of Kontsevich moduli spaces.
Definition 1.1. Let M0,m(X, β) denote the (coarse) moduli space of stable m-
pointed rational curves on X of degree β ∈ H2(X,Z). Let ev = evM0,m(X,β) denote
the evaluation morphism
(1.A) ev : M0,m(X, β)→ X
m, (f ; p1, . . . , pn) 7→ (f(p1), . . . , f(pn)).
We recall here some well known facts about these moduli spaces for the reader’s
convenience.
• The moduli spacesM0,m(X, β) exist as (possibly not connected) projective
varieties (cf. [FP97, Theorem 1]);
• the expected dimension of M0,m(X, β) is
(1.B) dim(X)− (KX · β) +m− 3;
• if X is convex (i.e. if for every morphism P1 → X , one has H1(P1, TX|P1) =
0), then the spaces M0,m(X, β) are normal of pure expected dimension
(cf. [FP97, Theorem 2]). Rational homogeneous varieties are the stan-
dard examples of convex varieties and on those ones the moduli spaces
M0,m(X, β) behaves particularly well (cf. [FP97, Sections 7–10], [Tho98],
[KP01], [Per02]).
Definition 1.2. Let (X,H) be a polarised smooth variety. Then, for any m ≥ 0,
the degree d moduli space of stable m-pointed rational curves on X is defined as
M0,m(X, d) :=
⊔
(H·β)=d
M0,m(X, β).
A smooth variety X is uniruled (resp. rationally connected) if any general point
in X is contained in a rational curve (resp. if any two general points in X can
be connected by a rational curve). One can refine these definitions for polarised
varieties.
Definition 1.3. Let (X,H) be a smooth polarised variety. Then (X,H) is d-
uniruled (resp. d-rationally connected) for some integer d > 0 if the evaluation
morphism
(1.C) ev1 : M0,1(X, d)→ X (resp. ev2 : M0,2(X, d)→ X ×X)
is dominant. The minimal degree such that the evaluation map (1.C) is dominant is
calledminimal rational covering degree (resp.minimal rational 2-connecting degree)
and is denoted by d(X,H)(1) (resp. d(X,H)(2)).
Remark 1.4. Even if this is essential for our analysis, we recall the existence of
another moduli space of rational curves which parametrises the tangent directions
to rational curves of minimal degree that pass through a general point x ∈ X :
the variety of minimal rational tangents or VMRT. For the rigorous definition and
fundamental results see the survey [KSC06].
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It is well known that uniruled varieties are in general not rationally connected
(e.g. ruled surfaces over high-genus curves). Nonetheless, for rationally connected
varieties, one can connect more than two points with rational curves, as the follow-
ing result shows.
Proposition 1.5. Let (X,H) be smooth rationally connected polarised variety.
Then there exists an integer d > 0 such that the evaluation map
(1.D) evm : M0,m(X, d)→ X
m
is dominant. The minimal degree such that the evaluation map (1.D) is dominant
is called minimal rational m-connecting degree and is denoted by d(X,H)(m).
Proof. The variety X is rationally connected and we want to show the existence
of a morphism P1 → X whose image passes through a general set of m points
p1, . . . , pm ∈ X . This is [Kol96, Theorem IV.3.9]. 
Remark 1.6. Let (X,H) be a d-rationally connected polarised variety. Assume
that −KX = iXH . Then the expected dimension of M0,m(X, d) is
d · iX + dim(X) +m− 3.
Moreover, the assumption of rational connectedness guarantees that this value is at
least m ·dim(X), since the evaluation morphism (1.D) is dominant. If the expected
dimension is actually attained (this is true, for instance, for convex varieties), the
following bound on d is obtained:
d ≥
(m− 1) dim(X) + 3−m
iX
and the same holds for the minimal rational m-connecting degree d(X,H)(m).
The following result provides an inverse statement of Proposition 1.5: this will
be useful to prove rational connectedness in examples.
Lemma 1.7. Let (X,H) be a polarised variety and fix an integer d. If there is an
integer md ≥ 1 for which d ≥ d(X,H)(md) (i.e. (1.D) is dominant for m = md).
Then d ≥ d(X,H)(m) also for all 1 ≤ m < md.
Proof. Fix 1 ≤ m < md and look at the following commutative diagram:
(1.E) M0,md(X, d)
evmd //
ϕ

Xmd
pi

M0,m(X, d)
evm // Xm.
where the vertical arrow ϕ is the morphism which forgets the last md −m points,
while π is the projection on the first m factors. Since both these arrows are sur-
jective and the top horizontal arrow is dominant by hypothesis, so is the bottom
one. 
From now on, we assume X to be rationally connected. As remarked in [dJS06a,
p. 1-2], the general fibre of the evaluation
ev2 : M0,2(X, β)→ X ×X
is an algebraic analogue of the space of 2-based paths in topology. Following this ap-
proach suggested by Barry Mazur, several reasonable definitions of rationally simply
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connected variety were proposed by the authors of [dJS06a] and [dJHS11], nonethe-
less one would like to identify one canonical irreducible component of M0,2(X, d)
for sufficiently large d. Unfortunately, the following are some obstacles to a univocal
definition:
(1) for a polarised variety (X,H), the moduli spaces M0,m(X, d) are disjoint
unions of a priori many irreducible components: there can be several cycles
β which verify (H · β) = d and, for any such β, one can have several
components;
(2) even fixing one degree d class β, the Kontsevich moduli spaces M0,m(X, β)
may have several irreducible components.
Solution to (1). The polarisation H ∈ Pic(X) induces a 1-cycle class Hn−1 ∈
H2(X,Z). Let βH be the primitive element on the ray spanned byH
n−1 inH2(X,Z)
and we will only look at irreducible components of M0,m(X, d · βH).
(Partial) solution to (2). Fix a morphism f0 : P
1 → X and let β = [f0(P1)] ∈
H2(X,Z) and M0 an irreducible component of M0,0(X, β) containing [f0]. The
forgetting morphism
ϕ = ϕX,β : M0,1(X, β)→M0,0(X, β)
coincides with the universal family on M0,0(X, β). We look at the restriction of ϕ
over the smooth locus M0,sm ⊂M0:
M1,sm

 //
ϕsm

M0,1(X, β)
ϕ

M0,sm

 // M0,0(X, β).
Since ϕsm is a P
1-bundle (locally trivial in the e´tale topology) by [Kol96, Theorem
II.2.8], the closureM1 ofM1,sm inM0,1(X, β) is irreducible. Iterating the argument,
we can associate irreducible components Mm ⊂M0,m(X, β) for any integer m ≥ 1.
We focus our attention on the following moduli subspace in M0,0(X, β).
Definition 1.8. Let M
bir
0,0 = M
bir
0,0(X, β) denote the closure in M0,0(X, β) of the
moduli space of morphisms which are birational onto their image. The moduli
subspace in M0,m(X, β) dominating M
bir
0,0 will be denoted by M
bir
0,m =M
bir
0,m(X, β).
The space M
bir
0,0 is not irreducible in general: a nice simple example is given by
M
bir
0,0(X1,−KX1), where X1 is a del Pezzo surface of degree 1 (cf. [Tes05, Propo-
sition 2.9]). Nonetheless, the previous discussion shows how to associate a unique
irreducible component in M0,m(X, β) for any irreducible component of M
bir
0,0. Our
definition of rational simple connectedness will require some irreducibility of M
bir
0,0.
We will analyse a special class of rationally connected varieties, which is central
from the perspective of the birational classification of algebraic varieties.
Definition 1.9. A smooth projective k-variety X of dimension n is a Fano variety
if its anticanonical bundle ω∨X = OX(−KX) is ample.
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Let iX denote the Fano index of X , i.e. the largest integer that divides −KX
in the Picard group Pic(X). Write −KX = iXHX , for some ample divisor HX ;
this gives a canonical polarisation of X . Moreover the degree of X is defined as
the top self intersection (HX)
n. It is well known that Fano varieties are rationally
connected (cf. [Cam92], [KMM92]).
Form now on, we will assume (X,H) to be a canonically polarised Fano variety.
In view of the previous discussion, we propose the following definition of rationally
simply connected Fano variety.
Definition 1.10. Let (X,H) be a canonically polarised Fano variety. One says
that X is canonically rationally simply connected if there exists an integer
d2 > 0 such that, for all d ≥ d2, the following holds:
• the moduli space M
bir
0,0 ⊂M0,0(X, d · βH) is irreducible;
• the evaluation map
(1.F) ev2 : M
bir
0,2 → X ×X
is dominant and its general fibre is rationally connected.
Remark 1.11. Let us invest few words to justify our definition. The notion of
rationally simply connected varieties was introduced in [dJS06a] and successfully
applied in [dJHS11] in the case of rationally connected varieties of Picard rank one
to prove the following statement, known as Serre’s Conjecture II :
Let G be a semi-simple, simply connected algebraic group over C, then any G-
torsor over a smooth surface is locally trivial in the Zariski topology.
In this sense, rational simple connectedness of the general fibre of a fibration over
a surface should, at least in principle, guarantee the existence of rational sections
(one also has to require the vanishing of some Brauer classes coming from the base,
cf. [dJHS11, Theorem 1.1] and the discussion following the statement).
Form the perspective of the birational classification of algebraic varieties and
the minimal model program, the analysis of uniruled varieties (after [BCHM10,
Corollary 1.3.2]) and conjecturally all varieties with negative Kodaira dimension
(cf. the Abundance Conjecture [KM98, Conjecture 3.12]) can be reduced to the
study of Mori fibre spaces. These are special Fano fibrations with relative Picard
rank 1, whose general fibre X has stark geometric restrictions: the monodromy
action on Pic(X) only preserves the ray generated by the canonical polarisation
(cf. [Mor82], [CFST16] and [CFST18] for more details). Dually in the space of
curves, the ray of βH is the only one which is preserved by the monodromy action.
From this perspective, M0,0(X, d · βH) is the canonical choice.
Following the approach of [dJS06a], we provide a strong version of canonically
rationally simply connected Fano variety.
Definition 1.12. Let (X,H) be a canonically polarised Fano variety. One says
that X is canonically rationally simply m-connected if there exists an integer
dm > 0 such that, for all d ≥ dm, the following holds:
• the moduli space M
bir
0,0 ⊂M0,0(X, d · βH) is irreducible;
• the evaluation map
(1.G) evm : M
bir
0,m → X
m
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is dominant and its general fibre is rationally connected.
If X is canonically rationally simply m-connected for all m ≥ 2, then one says that
X is canonically strongly rationally simply connected.
Remark 1.13. Definitions 1.10 and 1.12 can be simplified if Pic(X) = Z, simply
taking as H the primitive class. Nonetheless we will also study del Pezzo surfaces
in Section 3, whose moduli spaces of rational curves have been intensively studied
(cf. [Tes05], [Tes09]).
Applying Lemma 1.7, we deduce a criterion for strong rational simple connect-
edness.
Proposition 1.14. Let (X,H) be a rationally connected polarised variety and fix
an integer d and let md ≥ 1 be an integer. If there is an irreducible component
Mmd ⊂M0,md(X, d) for which
(1.H) evmd : Mmd → X
md
is dominant and the general fibre is rationally connected, then the same holds for
all 1 ≤ m < md.
Proof. Fix 1 ≤ m < md and consider the diagram (1.E) restricted to Mmd :
Mmd
evmd //
ϕ

Xmd
pi

Mm
evm // Xm.
Thanks to Lemma 1.7, we only have to prove the statement on rational connect-
edness. Take a general point x ∈ Xm: the fibre of ev−1m (x) is dominated by
ev−1md(π
−1(x)), so it is enough to show that this last one is rationally connected. By
hypothesis, π−1(x) ≃ Xmd−m and the general fibre of
evmd : ev
−1
md
(π−1(x))→ π−1(x)
is rationally connected by hypothesis. So [GHS03, Corollary 1.3] implies that
ev−1md(π
−1(x)) is rationally connected too. 
Corollary 1.15. Let (X,H) be a canonically polarised Fano variety and fix an
integer m ≥ 2. Let d0 be an integer such that, for all d ≥ d0, there exists an integer
md ≥ m which verifies the following conditions:
• M
bir
0,0 ⊂M0,0(X, d · βH) is irreducible;
• the evaluation map
(1.I) evmd : M
bir
md → X
md
is dominant and the general fibre is rationally connected.
Then X is canonically rationally simply m-connected.
If moreover m = 2 and md is a strictly increasing function of d, then X is canoni-
cally strongly rationally simply connected.
Proof. For the first part of the statement, we need to check that, for d ≥ d0, the
evaluation map
evm : M
bir
m → X
m
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is dominant with rationally connected general fibre. This is a consequence of Propo-
sition 1.14, since m ≤ md. The second part of the statement follows. 
Unfortunately the previous corollary has very strong hypothesis and in order
to study rational simple connectedness on V5 we need a more careful study of the
general fibre of the evaluation morphism.
For this purpose, we need to fix some further notation.
Notation 1.16. Let (X,H) be a canonically polarised Fano variety and let m ≥ 0
be an integer. Then we will often consider the fibre of the morphism
(1.J) Ψm := φm × evm : M
bir
0,m(X, d)→M0,m ×X
m,
where φm : M
bir
m (X, d) → M0,m is the natural morphism to the Deligne-Mumford
moduli space of m-marked rational curves.
Let t = (t1, . . . , tm) ∈ (P1)m be a marking on P1. The corresponding class in
M0,m will be also denoted by t, to simplify the notation. Moreover, fix m points
x = (x1, . . . , xm) of X . Assume m ≥ 3. Then the fibre
Ψ−1m (t,x)
∼=bir Mor
t→x
d (P
1, X)
is birational to the variety of degree d morphisms f : P1 → X such that f(t) = x
which are birational onto the image. If m ≤ 2, the previous relation holds modulo
Aut(P1, t).
2. First examples: Pn and Qn ⊂ Pn+1
In this section we study rational simple connectedness for some examples of Fano
varieties with Pic = Z. All degree are with respect to the primitive generator of
the Picard group. We will study here:
(1) the projective space Pn;
(2) the quadric hypersurface Qn ⊂ Pn+1;
(3) rational homogeneous spaces G/P .
For all these varieties, the moduli spaces M0,0(X, d) (and hence the spaces
M
bir
0,0(X, d)) are irreducible (cf. [Tho98], [KP01]), so verifying canonical rational
simple connectedness reduces to the study of the evaluation morphisms.
Remark 2.1. For these varieties, our notion of canonical rational simple connect-
edness coincide with rational simple connectedness in [dJS06a]. In particular:
• Pn and Qn are strongly rationally simply connected (cf. [dJS06a, Theo-
rems 1.2]);
• rational homogeneous spaces are rationally simply connected (cf. [BCMP13,
Corollary 3.8], [dJHS11]).
Before analysing examples, we should point out that the results on rational sim-
ple connectedness we present here for these first examples are well-known. Nonethe-
less, we push forward the analysis and obtain more precise information on some
moduli spaces of rational curves.
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2.1. The projective space. For the projective space Pn it is easy to obtain the
strongest possible statement for canonical rational simple connectedness.
Proposition 2.2. The projective space Pn is canonically strongly rationally simply
connected.
Before proving the result, let us list some extra properties which hold for the
moduli spaces of rational curves on the projective space:
• its VMRT (cf. Remark 1.4) is isomorphic to Pn−1;
• the evaluation morphism evx from the universal P
1-bundle over the VMRT
P(OPn−1 ⊕OPn−1(−1))
evx //
pix

Pn
Pn−1
σx
ZZ
coincides with the blow up if x ∈ Pn.
Let f : P1 → Pn be a degree d morphism, with d ≥ 1, defined by [P 0 : . . . : Pn],
with P i ∈ C[u, v]d degree d homogeneous polynomials for i ∈ [0, n], fix m = d + 1
distinct points t0, . . . , td ∈ P1 andm arbitrary points x0, . . . , xd ∈ Pn. We denote by
Mort→xd (P
1,Pn) the variety of degree d morphisms f : P1 → Pn such that f(ti) = xi
for all i ∈ [0, d].
Lemma 2.3. Keep the notation as above. Then Mort→xd (P
1,Pn) is rational and
isomorphic to
(2.K) Ud = {[λ0 : . . . : λd] | λi 6= 0 for all i ∈ [0, d]} ⊂ P
d.
Proof. For d = 1, the variety Mort→x1 (P
1,Pn) coincides with the automorphism
group of P1 with two marked points (since there is a unique line through two points
in Pn), which is isomorphic to the multiplicative group Gm and is then rational.
Assume now d ≥ 2 and thus m ≥ 3. In particular, the automorphism group of P1
preservingm distinct points is trivial. Let f : P1 → Pn be a degree d morphism and
choose coordinates on P1 such that ti = [zi : 1] and choose vectors vi ∈ Cn+1 such
that xi = [vi] for all i ∈ [0, d]. In these coordinates we can write f(t) := f([z : 1]) =
[P 0(z) : . . . : Pn(z)]. We impose now the conditions f(ti) = xi for all i ∈ [0, d], i.e.
that there exist non-zero scalars λi, i ∈ [0, d] such that
P (zi) := (P
0(zi), . . . , P
n(zi)) = λivi.
Define
Li(z) :=
∏
j 6=i
z − zj
zi − zj
,
for all i ∈ [0, d]. We therefore have
(2.L) P (z) =
d∑
i=0
λiLi(z)vi.
The variety the variety Mort→xd (P
1,Pn) is therefore described by (2.K). 
In Section 3 we will provide some results on del Pezzo surfaces, which can be
obtained as blow-ups of P2 in points in general position. For this purpose, we need
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to study the fibres of some evaluation maps.
We fix m = d+1 and let m′ ≥ 0 be an integer. Let evm+m′ be the evaluation map
evm+m′ : M0,m+m′(P
n, d)→ (Pn)m+m
′
.
As in Notation 1.16, we consider the map
Ψm+m′ : M0,m+m′(P
n, d)→M0,m+m′ × (P
n)m+m
′
.
Let x = [v] ∈ (Pn)m+m
′
be a fixed point, i.e. we write xi = [vi] with vi ∈ Cn+1 for
all i ∈ [0,m +m′]. The following lemma provides the numerical condition which
guarantees that the general fibre of Ψm+m′ is non-empty and rational. It will be
useful to study rationality for moduli spaces of rational curves on del Pezzo surfaces.
Lemma 2.4. Let Um+m′ ⊂ M0,m+m′ the open subset of pairwise distinct points.
Assume that the following two conditions hold:
(1) d ≥ nm′;
(2)
rk

v0 ∧ vj v1 ∧ vj · · · vd ∧ vj


= rk

v0 ∧ vj · · · vi−1 ∧ vj vi+1 ∧ vj · · · vd ∧ vj


for all i ∈ [0, d] and j ∈ [d+ 1,m′].
Then for any (t,x) ∈ Um+m′ × (Pn)m+m
′
the fibre Ψ−1m+m′(t,x) is non-empty and
rational.
Proof. The case m′ = 0 is simply Lemma 2.3. More precisely, a morphism f : P1 →
Pn sending the first m pairwise distinct points (t0, . . . , td) to (x0, . . . , xd) is de-
scribed by (2.L) and the variety Mort→xd (P
1,Pn) is rational of dimension d. Let
(zd+1, . . . , zd+m′) be the coordinates of the last m
′ points in P1. If we impose the
extra condition (i.e. f(tj) = xi for all j ∈ [d+ 1, d +m′]), we obtain the following
condition on the coefficients λ = (λ0, . . . , λd):
(2.M)


P 0(zj)
P 1(zj)
...
Pn(zj)

 =


v0j
v1j
...
vnj


for all j ∈ [d+ 1, d+m′]. These impose at most nm′ linear conditions on the λ’s.
We only need to check that these linear conditions are not of the form λi = 0 for
some i, since these would give an empty fibre Ψ−1m+m′(t,x). Here we need condition
(2) in the hypothesis. For any j ∈ [d+1, d+m′], one can develop (2.M) and obtain:
A · λ :=

L0(zj)v0 ∧ vj L1(zj)v1 ∧ vj · · · Ld(zj)vd ∧ vj




λ0
λ1
...
λd

 =

0...
0

 .
Condition (2) guarantees that Ker(A) is not contained in any of the hyperplanes
λi = 0, since L0(zj) 6= 0 for all j ∈ [d+ 1, d+m
′]. 
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Remark 2.5. The condition (2) of Lemma 2.4 holds if we assume that the points
(x0, . . . , xm+m′) are general: indeed, since d ≥ n, we can choose the first n + 1
vectors to be the standard basis, i.e. vi = ei for i ∈ [0, n]. Since for any v ∈ Cn+1,
the matrix (e0 e1 · · · en) ∧ v has rank at most n, the same holds for the matrix
(e0 e1 · · · en vn+1 · · · vd) ∧ v. Choosing vn+1, . . . , vd and v general, condition (2)
is verified.
Nonetheless, for our applications on del Pezzo surfaces, we cannot assume generality.
Corollary 2.6. Let X := Pn be the n-dimensional projective space, with n ≥ 2.
Then
m− 1−
⌊
2(m− 2)
n+ 1
⌋
≤ dX(m) ≤ m− 1−
⌊
m− 1
n+ 1
⌋
.
Proof. This is a direct consequence of Remark 1.6 and Remark 2.5. 
Proof of Proposition 2.2. We need to combine Lemma 2.3 with Corollary 1.15.
In the case X = Pn, we have βH = l, where l is a line. Moreover, we know that
all moduli spaces M0,0(P
n, d · l) are irreducible (cf. [FP97, Section 4]). Lemma 2.3
guarantees thatmd = d+1 verifies the hypothesis of Corollary 1.15. More precisely,
we consider the following diagram:
(2.N) M0,d+1(X, d)
g

evd+1 // Xd+1
M0,d+1
.
Lemma 2.3 implies that the general fibre Mx := ev
−1
d+1(x) is dominant on M0,d+1
and that g|Mx is birational to a P
d-fibration over M0,d+1. Since the base of g|Mx is
rational (cf. [Kap93]), we deduce the unirationality of Mx := ev
−1
d+1(x).
Since md is strictly increasing, we conclude by Corollary 1.15 that P
n is canoni-
cally strongly rationally simply connected. 
2.2. The quadric hypersurface. Also for this example, we obtain rational simple
connectedness in the strongest possible sense. Nonetheless, the proof requires more
care, since we need to distinguish two cases, depending on some parity condition.
Proposition 2.7. The quadric hypersurface Qn ⊂ Pn+1, with n ≥ 2, is canonically
strongly rationally simply connected.
Remark 2.8. The case of Q2 = P1 × P1 is slightly different with respect to the
others, since ρ(Q2) = 2. Nonetheless, we will always fix the diagonal polarisation
β = H1+H2, where theHi’s are the two rulings. With this choice, all the arguments
of this section apply also for n = 2.
As for Pn let us recall that, for any x ∈ Qn ⊂ Pn+1, the VMRT is isomorphic to
Qn−2, which is then rational, if n > 2, or two reduced points if n = 2.
As for the previous case, let f : P1 → Qn ⊂ Pn+1 be a degree d morphism, with
d ≥ 1, defined by [P 0 : . . . : Pn+1], with P i ∈ C[u, v]d for i ∈ [0, n+1], fix m = d+1
distinct points t0, . . . , td ∈ P1 and m arbitrary points x0, . . . , xd ∈ Qn. Keeping the
analogous notation as before, we denote by Mort→xd (P
1,Qn) the variety of degree
d morphisms f : P1 → Qn such that f(ti) = xi for all i ∈ [0, d].
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For this case, we need some more notation. Let V be a C-vector space of di-
mension n + 2 and q be a non-degenerate quadratic form on V which defines the
quadric Qn ⊂ P(V ), i.e.
Qn = {[v] ∈ P(V ) | q(v) = 0}.
Moreover, let B be the non-degenerate bilinear form associated to q.
As in the proof of Lemma 2.3, choose coordinates on P1 such that ti = [zi : 1]
and choose vectors vi ∈ V such that xi = [vi] for all i ∈ [0, d].
Definition 2.9. Keep the notation as above. The rescaled skew-symmetric matrix
A := AQn,z→v associated to (z0, . . . , zd) and (v0, . . . , vd) is defined as
AQn,z→v :=
(
B(vi, vj)
zj − zi
)
i,j∈[0,d]
.
The previous definition depends on the choice of coordinates on P1, but this will
not affect our arguments. Let us recall some properties of the Pfaffian of skew-
symmetric matrices.
Remark 2.10. Let A = {aij} be an (m×m) skew-symmetric matrix. The Pfaffian
pf(A) of A is defined as
(2.O) pf(A) :=
{
0 if m is odd;∑
σ∈Fm
sgn(σ)
∏k
i=1 aσ(2i−1),σ(2i) if m = 2k is even.
where Fm is the set of permutations in Sm satisfying the following:
• σ(1) < σ(3) < . . . < σ(2k − 1); and
• σ(2i − 1) < σ(2i) for 1 ≤ i ≤ k.
One can check that the set F2k is in 1:1 correspondence with partitions of the set
{1, 2, . . . , 2k} into k disjoint subsets with 2 elements:
σ ∈ F2k
1:1
←−→ {(i1, j1), . . . , (ik, jk)}
where i1 < i2 < . . . < ik and il < jl for all 1 ≤ l ≤ k. In particular,
|F2k| =
(2k)!
2kk!
= (2k − 1)!!
So, pf(A) is a degree k polynomial in the entries of A and is linear in its lines
and columns. Moreover the following formal properties of pf(A) hold:
• pf(A)2 = det(A);
• pf(BABt) = det(B) pf(A) for any (m×m)-matrix B.
Moreover a change of coordinates on P1 will change the Pfaffian by a non-zero
scalar and the vanishing of pf(A) will not depend on the choice of coordinates. For
further details on pfaffians, see [Nor84, Section 5.7].
We can prove an analogue of Proposition 2.2 for quadric hypersurfaces.
Let us recall some known facts. In our notation, given a matrix A = (ai,j), the i-th
row (resp. the j-th column) is denoted by Ai (resp. by A
j).
Lemma 2.11. Let A = (ai,j) be an (m×m)-skew-symmetric matrix, with indices
i, j ∈ {0, 1, . . . , d}. Let A(i) (resp. A(i, j)) denote the skew-symmetric matrix ob-
tained from A by removing the i-th row and column (resp. the i-th and the j-th rows
and columns).
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(1) if m is odd and A has rank m − 1, then Ker(A) is spanned by the vector
((−1)1 pf(A(0)), · · · , (−1)d+1 pf(A(d)))t .
(2) If m = 2k is even and A has rank m− 2, then Ker(A) is spanned by the m
vectors
Ni = ((−1)
i+j pf(A(i, j)))j ;
Proof. We prove (1): let us define vA := ((−1)1 pf(A(0)), · · · , (−1)d+1 pf(A(d))).
Let A[i] denote the following matrix:
A[i] :=
(
A Ai
Ai 0
)
,
which is skew-symmetric of dimension (m + 1) × (m + 1), and by construction
pf(A[i]) = 0. Using the formal properties of the Pfaffian (see [IW99, Lemma 2.3]),
we obtain:
0 = pf(A[i]) =
d∑
j=0
(−1)i+jai,j pf(A(j)) = (−1)
i−1Ai · v
t
A.
In particular vtA is in the kernel of A and since A has co-rank one, at least one of
the entries of vtA is non-zero and so vA generates the kernel.
To prove part (2), we apply part (1) to deduce that all vectors Ni are in the
kernel of A (recall that pf(A(i, i)) = 0). Furthermore, the vectors Ni and Nj are
linearly independent as soon as pf(A(i, j)) 6= 0. But the condition on the rank
implies that at least one of these Pfaffians is non-zero and that the Ni’s span the
kernel of A. 
Remark 2.12. The same methods can be used to deduce similar results on the
kernel of skew-symmetric matrices for higher co-ranks.
Applying the formal properties of pfaffians to our setting, we deduce the following
lemma.
Lemma 2.13. Keep the notation of Definition 2.9. Let u, v ∈ V be vectors such
that q(u) = q(v) = 0 and B(u, v) = 1. Let v = (v0, . . . , vd) be defined via
vi =
{
u for i even;
v for i odd
with i ∈ [0, d]. Let Um ⊂ M0,m the open subset of pairwise distinct points. Then
for any t ∈ Um (with coordinates z) the matrix A = AQn,z→v has maximal rank.
Proof. The associated matrix A has the form
A =
(
δi+j≡1
zj − zi
)
,
where δi+j≡1 equals 1 if i+j is odd and 0 otherwise. For d even, we have pf(A) = 0
while for d = 2k − 1 odd, we prove the following formula:
pf(A) =
∏
i<j, i+j even(zi − zj)∏
i<j, i+j odd(zi − zj)
.
Indeed, keeping the notation as in Remark 2.10, let Fodd2k ⊂ F2k be the subset of
partitions σ = {(i1, j1), . . . , (ik, jk)} such that il + jl is odd for all l ∈ [1, k]. Using
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formula (2.O), one has:
(2.P) pf(A) =
∑
σ∈Fodd
2k
k∏
l=1
1
zjl − zil
.
Factorising this expression, we deduce:
pf(A) =
P (z0, z1, . . . , zd)∏
i<j, i+j odd(zj − zi)
.
The denominator has degree k2 and the polynomial P (z0, z1, . . . , zd) has degree
at most k2 − k. If we evaluate P in zi = zj for i < j and i + j even, the
numerator vanishes, so there exists a constant C for which P (z0, z1, . . . , zd) =
C
∏
i<j, i+j even(zj − zi). One determines the value of C = 1 looking at the residue
at (z0 − z1). 
The following lemma is the quadratic version of Lemma 2.3.
Lemma 2.14. Keep the notation as above. Then the variety Mort→xd (P
1,Qn),
with for d ≥ 2, is either empty or rational and isomorphic to the open subset of Pd
defined by
(2.Q) Ud,A = {[λ0 : . . . : λd] | λi 6= 0 for all i ∈ [0, d] and (λ0, . . . , λd) ∈ Ker(A)}.
Proof. Since Qn is contained in the projective space Pn+1 we can apply Lemma 2.3
to write down the parametrisation of morphisms in f : P1 → Pn+1 as in (2.L).
We only need to impose the condition that f factors through Qn. Let us define
(2.R) Q(z) := q(P (z)) = B(P (z), P (z)).
By assumption, we have that F (zi) = 0 for all i, so imposing that f factors through
Qn is equivalent to requiring that Q vanishes with multiplicity at least 2 at the zi’s.
Computing the differential dQ(z) = 2B(dP (z), P (z)) we have
dQ(z) = 2
d∑
i,j=0
dLi(z)Lj(z)λiλjB(vi, vj) = 2
d∑
i,j=0, i6=j
dLi(z)Lj(z)λiλjB(vi, vj),
where the last equality holds because B(vi, vi) = 0. An easy computation shows
the following formula, for any l 6= i:
dLi(zl) =
1
zl − zi
ζl
ζi
,
where ζi =
∏
k 6=i(zi − zk). So evaluating the differential dQ(z) in zl’s we obtain:
dQ(zl) = 2
d∑
i=0, i6=l
dLi(zl)λlλiB(vi, vl)
= 2λlζl
d∑
i=0, i6=l
λi
ζi
B(vi, vl)
zl − zi
= 2λlζlAl ·
(
λ0
ζ0
, · · · ,
λd
ζd
)t
,
where Al is the l-th row of A. So dQ vanishes in the zl’s if and only if the vector
(λ0/ζ0, · · · , λd/ζd) is in Ud,A. 
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Our final aim in this section is to prove rational connectedness of the general
fibre of some evaluation morphisms for Qn: for this, it is enough to look at the
spaces Mort→xd (P
1,Qn) for general z and x and for sufficiently large d. Nonetheless,
in Section 4 we will need some more punctual information about special fibres of
evaluation maps for Qn.
Assume that m = d+ 1 and consider the evaluation map
evm : M
bir
m (Qn, d)→ (Qn)
m,
as in Notation 1.16. The following lemma describes the general fibres of Ψm.
Lemma 2.15. Keep the notation as above.
(1) If d is odd and t and x are general, Mort→xd (P
1,Qn) is empty;
(2) if d is even and t and x are general, Mort→xd (P
1,Qn) is a point.
Proof. Let us consider the matrix A = AQn,z, where we chose coordinates ti = [zi :
1] on P1. Then the result follows from Lemma 2.14 and the following claim (in
italics).
(1) if d is odd and t and x are general, the matrix A has maximal rank;
(2) If d is even and t and x are general, the matrix A has rank d and Ker(A)
is spanned by a vector with non-zero coordinates.
Part (1) is a consequence of Lemma 2.13. Let us show Part (2). Since A is of
odd dimension m = d + 1, it is degenerate. Let A(0), · · · , A(d) denote the skew-
symmetric matrices as in Lemma 2.11. Using Part (1) of the claim, for general t
and x, we have pf(A(i)) 6= 0 for all i. In particular A has rank d = m− 1 and, by
Lemma 2.11, its kernel is spanned by ((−1)1 pf(A(0)), · · · , (−1)d+1 pf(A(d))) which
is a vector with non-zero coordinates. This proves (2). 
Corollary 2.16. Let X := Qn be a n-dimensional quadric. Then dX(2) = 2 and
for m ≥ 3,
m− 1−
⌊
m− 3
n
⌋
≤ dX(m) ≤ m− 1.
Proof. The first inequality is a consequence of Remark 1.6. For m = 2, it is well
known that there is no line but a conic through two general points on Qn.
Assume m ≥ 3 and fix m points on Qn and let d = m− 1. If m is odd, Lemma 2.15
gives the result. For even m ≥ 4, let us define m′ := m− 1 and d′ := d− 1. For a
general x′ := (x1, . . . , xm′) ∈ (Qn)m
′
, again Lemma 2.15 implies that there exists a
degree d′ morphism f : P1 → Qn through x′. Now let xm be a general point in Qm.
Then the hyperplane Hxm dual to xm meets f(P
1) in at least a point y and the line
l passing through xm and y is contained in Qm by construction. In particular the
points (x1, . . . , xm′ , xm) are on the image of a degree d morphism g : P
1∪P1 → Qm
with image f(P1) ∪ l. Since the moduli space of stable maps to Qn is irreducible
(cf. [KP01, Corollary 1]) and it has a dense open subset of maps from an irreducible
curve, we may find a degree d irreducible rational curve passing through general
x1, . . . , xm in Qn. 
The following proposition can be seen as a refinement of Lemma 2.15 and will
be crucial in Section 4.
Proposition 2.17. Let γ be an integral curve in Qn which is non-degenerate in
Pn+1, i.e. 〈γ〉 = Pn+1. For the product Z := γm ⊂ (Qn)m, consider the fi-
bre M := ev−1m (Z). Then, for any irreducible component M
′ of M , the image
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Ψm(M
′) contains a point (t,x) ∈ M0,m × Z such that the corresponding matrix
A = AQn,z→v, has rank at least 2
⌈
d−1
2
⌉
.
Proof. First, notice that by Lemma 2.15, the value 2
⌈
d−1
2
⌉
is the maximal possible
rank for the matrix AQn,z→v, with (t,x) ∈ Ψm(M).
Since the variety M0,m(Qn, d) = M
bir
0,m(Qn, d) is irreducible of dimension (n +
1)(d + 1)− 3 (cf. [KP01, Corollary 1]) and M is locally defined by (n − 1)(d + 1)
equations, coming from the local equations of γ in Qn, the irreducible component
M ′ has dimension at least 2d− 1.
Assume that for a general element p ∈M ′, the matrix A = AQn,z→v associated
to (t,x) = Ψm(p) has rank 2r.
By Lemma 2.14 the general fibre of Ψm : M
′ → Ψm(M ′) has dimension d− 2r and
Ψm(M
′) has dimension at least d+ 2r − 1. Consider the projection on Z
pr2 : Ψm(M
′)→ Z,
and let us look at the dimension of its (nonempty) fibres.
Let K := {κ1, . . . , κ2r} ⊂ [0, d] with κ1 < · · · < κ2r be indices such that
pf(AKK) 6= 0 where A
K
K is the matrix obtained form A by the removing the lines
and columns of indices outside of K.
Fix κ0 ∈ [0, d] \K and reorder [0, d] so that [0, d] = {κ0, κ1, . . . , κ2r, κ2r+1, . . . , κd}.
Let us defineK0 := [0, 2r] and Ks := K0∪{κs} for any s ∈ [2r+1, d]. By definition,
the element (t,x) satisfies the equations
(Es) pf(A
Ks
Ks
) = 0 for all s ∈ [2r + 1, d].
If B(vκ0 , vκs) 6= 0, expanding pf(A
Ks
Ks
) with respect to the line κs, we get (cf. the
notation of Lemma 2.11 and [IW99, Lemma 2.3]):
0 =
2r∑
j=0
(−1)κs+jaκsj pf(A
K0
K0
(j))
= (−1)κsaκsκ0 pf(A
K
K) + (−1)
κs
2r∑
j=1
(−1)jaκsj pf(A
K0
K0
(j))
= (−1)κs
B(vκs , vκ0)
zκ0 − zκs
pf(AKK) + (−1)
κs
2r∑
j=1
(−1)j
B(vκs , vj)
zj − zκs
pf(AK0K0(j)).
So the previous equation is nontrivial and the term aκsκ0 pf(A
K
K) is the only term
contributing for a pole along (zκ0 − zκs). So all the nontrivial equations (Es) with
s ∈ [2r+ 1, d], are independent, since the equation (Es) only involves the variables
(zκi)i∈K0 and zκs .
Let l is the number indices s ∈ [2r + 1, d] such that B(vκ0 , vκs) = 0. Since γ is
non-degenerate, we get this way d− 2r − l independent equations and hence
dimpr−12 (pr2(t,x)) ≤ (d− 2)− (d− 2r − l) = 2r + l − 2.
Up to reordering the indices, we can choose κ0 so that l is minimal. In particular
for each κ˜ ∈ [0, d] \ K, there are at least l vanishings B(vκ˜, vκs) = 0 for s ∈
{0}∪ [2r+1, d]. This in particular implies that we have at least l(d+1−2r)2 equations
of the form
B(vi, vj) = 0 for i, j ∈ [0, d] \K and i 6= j.
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This in turn implies that the dimension of the image pr2(Ψm(M
′)) verifies
dim(pr2(Ψm(M
′))) ≤ dimZ −
l(d+ 1− 2r)
2
= d+ 1−
l(d+ 1− 2r)
2
,
and finally that
dim(Ψm(M
′)) ≤ d+ 1−
l(d+ 1− 2r)
2
+ 2r + l − 2 = d+ 2r − 1− l
d− 1− 2r
2
.
Since Ψm(M
′) has dimension at least d+2r−1, we get l(d−1−2r) ≤ 0, i.e. either
• rk(A) ≥ 2
⌈
d−1
2
⌉
; or
• l = 0.
We need to treat the second case, so let assume that l = 0. The above estimates
imply that pr2 is surjective. We now produce an element x ∈ Z such that for any
t ∈ M0,m, the corresponding matrix A has maximal rank. Indeed, since γ is non-
degenerate, we can find two vectors u, v ∈ V such that [u], [v] ∈ γ and B(u, v) = 1.
We conclude applying Lemma 2.13.
We have proved that any component M ′ of M is such that Ψ(M ′) contains an
elements whose associated matrix A has rank at least 2
⌈
d−1
2
⌉
. 
Proof of Proposition 2.7. Using Corollary 2.16, we see that, for m = d + 1 the
evaluation maps are dominant. To show that the general fibre Mx = ev
−1
m (x) is
rationally connected, we have two cases. If d is even, Lemma 2.15 implies that
the map ψm : Mx → ψm(Mx) = M0,m is birational. This implies that Mx is
rational (cf. [Kap93]). If d is odd, we use Lemma 2.13 and Lemma 2.14 and
deduce that the general fibre of ψm : Mx → ψm(Mx) = M0,m is birational to P1.
Moreover, Lemma 2.11 implies that this morphism has a rational section given by
N0 = ((−1)j pf(A(0, j)))j . So Mx is rational also in this case. To obtain strong
rational simple connectedness of Qn, we can apply Corollary 1.15 (irreducibility of
all moduli spaces M0,0(Qn) is in [KP01, Corollary 1]). 
2.3. Further examples, results and questions. We start with a question about
rational curves on Pn and Qn.
Question 2.18. Do the following equalities hold?
(1) dPn(m) = m− 1−
⌊
2(m−2)
n+1
⌋
;
(2) dQn(m) = m− 1−
⌊
m−3
n
⌋
.
There are some classes of varieties, which have been studied from the perspective
of rational simple connectedness. We discuss here some known results.
2.3.1. Rational homogeneous spaces. Let us consider the case X = G/P , where G
a reductive group and P a maximal parabolic subgroup. After the work [KP01], in
which the irreducibility and rationality of the moduli spaces M0,n(X, β) has been
established, the geometry of rational curves in rational homogeneous spaces has
been studies in several recent works (cf. [LM03], [dJHS11], [BCMP13]).
The VMRT of those varieties is given by lines and the variety of lies of X is actually
rational: a very explicit description of the variety of lines of X appeared in [LM03,
Theorem 4.3]).
The variety X is also (canonically) rationally simply connected (cf. [BCMP13,
Corollary 3.8], see also [dJHS11, Section 15]).
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Question 2.19. Let X = G/P be rational homogeneous variety. We state two
open problems.
(1) Is X canonically rationally simply 3-connected?
(2) More generally, is X canonically strongly rationally simply connected?
Question 2.19(1) has interesting consequences from the perspective of quantum
cohomology (cf. [BCMP13, Remark 3.4], [BCMP16]). Moreover the arguments in
[dJHS11, Section 15] seem to lead to stronger statements, as Jason Starr pointed
out (cf. [BCMP13, Remark 3.5]).
2.3.2. Complete intersections. Looking at the examples we discussed previously, it
is natural to try to study rational simple connectedness for complete intersections
in projective spaces. This has been studied in [dJS06a] and [DeL15]. Their notion
of rational simple connectedness is slightly different compared with the one in Def-
initions 1.10 and 1.12, nonetheless, at least for a general complete intersections the
different notations coincide (cf. [HRS04] and [BK13] for the irreducibility of M
bir
0,0
for complete intersections of low degree). We recall here one of their main results.
Theorem 2.20 (de Jong-Starr, DeLand). Let Xd ⊂ Pn be a general complete
intersection of degree d = (d1, . . . , dc), di ≥ 2, with dim(Xd) ≥ 3. Then Xd is
(canonically) strongly rationally simply connected if and only if∑
d2i ≤ n.
3. Del Pezzo surfaces
In this section we study our notion of simple rational connectedness for sur-
faces. This case has been almost completely ignored by other authors, since del
Pezzo surfaces have high Picard rank. This is the main reason why our notions in
Definitions 1.10 and 1.12 require the choice of a canonical polarisation.
Notation 3.1. Let X = Xδ be a del Pezzo surface of degree δ, with Xδ 6≃ P
1×P1.
We will always fix a geometric marking Pic(Xδ) ≃ Z10−δ, i.e. a realisation of Xδ
as blow up π : Xδ → P2 with centre the points p1, . . . , p9−δ. Every class β on Xδ
can then be (uniquely) written as β = aπ∗H −
∑9−δ
i=1 biEi. In this context, we will
write b :=
∑9−δ
i=1 bi and β = (a; b1, . . . , b9−δ).
Let us state our main result.
Theorem 3.2. Let Xδ be a del Pezzo surface of degree δ ≥ 5. Then Xδ is canoni-
cally strongly rationally simply connected.
The 2-dimensional projective space P2 and the quadric surface P1 × P1 with
diagonal polarisation have been studied in the previous section, so we will focus on
the other del Pezzo surfaces.
We will deduce some precise results on moduli spaces of rational curves on del
Pezzo surfaces with quite general polarisation, so let us recall some facts about the
structure of numerical cones Amp(X) ⊂ Nef(X).
Lemma 3.3. Let X = Xδ be a del Pezzo surface of degree δ, Xδ 6≃ P2,P1 × P1.
Then a class β = (a; b1, . . . , b9−δ) is nef iff the following inequalities hold.
δ ≥ 7: a ≥ b ≥ 0;
δ = 5, 6:
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• bi ≥ 0 ∀i,
• a ≥ bi + bj, ∀i > j.
Moreover, the class β is ample iff the previous inequalities are strict.
Proof. The result is trivial for δ = 8. If δ ≤ 7, it is well known that the effective
cone Eff(X) is generated by the (−1)-curves of X (cf. [Dol12, Theorem 8.2.19]).
Since the nef cone Nef(X) is the dual of Eff(X), the inequalities in the statement
are obtained intersecting β with all the (−1)-curves in X . 
We prove now some rationality results for moduli spaces of rational curves on
del Pezzo surfaces.
Lemma 3.4. Let X = Xδ be a del Pezzo surface, Xδ 6≃ P1 × P1. Then, for any
polarisation β = (a; b1, . . . , b9−δ) with (δ, β) 6= (1,KXδ ), let Mx be a fibre of the
following evaluation map
evXδ : M
bir
0,m(Xδ, β)→ (Xδ)
m
over a point x = (x1, . . . , xm) with xi ∈ Xδ \ ∪iEi for all i.
Consider the point
p := (p1, . . . , p1,︸ ︷︷ ︸
b1-times
. . . , p9−δ, . . . , p9−δ,︸ ︷︷ ︸
b9−δ-times
) ∈ (P2)b
and the evaluation map
evP2 : M0,m+d·b(P
2, d · a)→ (P2)m+d·b.
Then if the fibre ev−1
P2
(π(x),p) is irreducible, it (birationally) dominates Mx.
Proof. We know, by hypothesis that M
bir
0,0(Xδ, β) is irreducible (if non-empty),
cf. [Tes09, Theorem 5.1]. This implies that any irreducible component M ′ of Mx
contains a curve with smooth source. Moreover [Deb01, Proposition 4.14] implies
that any irreducible component of Mx has expected dimension. We define the
following rational map:
γ : Mx 99KM0,m+d·[b](P
2, d · a),
[f ] 7→ [π ◦ f ]
where M0,m+d·[b](P
2, d · a) is the quotient of M0,m+d·b(P
2, d · a) by the action of
the symmetric group on the b points. This map is birational onto the image, which
corresponds to morphisms passing through π(x) and through the centres of the
blow-up with the appropriate multiplicities. 
Theorem 3.5. Let Xδ be a del Pezzo surface of degree δ, Xδ 6≃ P2,P1 × P1 and
let β = (a; b1, . . . , b9−δ) be an ample class. If 3a ≥ 2b, then the moduli space
M
bir
0,0(Xδ, dβ) is non-empty and unirational for all d ≥ 1.
Proof. We know by [Tes09, Theorem 5.1] that the spacesM
bir
0,0(Xδ, β) are irreducible
for all polarisation β = (a; b1, . . . , b9−δ) verifying the hypothesis. If δ ≥ 6, the
condition 3a ≥ 2b is verified for every polarisation, thanks to Lemma 3.3.
By Lemma 3.4, it is enough to study the fibre ev−1
P2
(p), so keeping Notation 1.16,
we consider the map
Ψd·b : M0,d·b(P
2, d · a)→M0,d·b × (P
2)d·b.
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and look at the fibres over Ud·b× (P2)d·b, where Ud·b ⊂M0,d·b is the open subset of
pairwise distinct points. If δ ≥ 7, Lemma 3.3 implies that db < da + 1, so we look
at the diagram
M0,d·a+1(P
2, d · a)
Ψd·a+1//
ϕ

M0,d·a+1 × (P2)d·a+1
ψ×pi

M0,d·b(P
2, d · a)
Ψd·b // M0,d·b × (P2)d·b.
where ϕ and ψ are the forgetting maps and π is the projection on the first d · b
factors. Lemma 2.3 implies that the fibres of Ψd·b over Ud·b× (P2)d·b are unirational
and this proves the thesis if δ ≥ 7. The same argument proves the statement for
smaller δ, if d(b − a) ≤ 1, since in these cases the number of marked points d · b is
smaller than d · a+ 1.
Assume now that δ ≤ 6 and d(b − a) ≥ 2. We need to apply Lemma 2.4: the
numerical condition (1) is implied by 3a ≥ 2b. For condition (2), the inequality
3a ≥ 2b (or Lemma 3.3 for the case δ = 6) implies
d · a+ 1 ≥
{
6 if δ = 6;
5 if δ ∈ [1, 5].
So, after reordering the points p, we can assume that, for δ ≤ 5 (resp. δ = 6) the
first 4 (resp. 6) marked points are given by
1 0 0 10 1 0 1
0 0 1 1

 (resp.

1 0 0 1 0 00 1 0 0 1 0
0 0 1 0 0 1

)
So also condition (2) is satisfied, Lemma 2.4 applies and ev−1
P2
(p) has the structure
of a projective fibration over a rational variety M0,d·b (cf. [Kap93]). 
Remark 3.6. The numerical condition 3a ≥ 2b is verified for every polarisation
if δ ≥ 6. Decreasing the degree, this condition is proper and becomes particularly
restrictive if δ ≤ 4: indeed, for those degrees not even the anticanonical polarisation
verifies the numerical condition.
The same strategy provides rational simple connectedness for del Pezzo surfaces
of high degree.
Proof of Theorem 3.2. We can assume that Xδ 6≃ P2,P1 × P1. Irreducibility of the
moduli spacesM
bir
0,m(Xδ, d · (3H−
∑9−δ
i=1 Ei)), with m ≥ 2, is guaranteed by [Tes09,
Theorem 5.1].
Lemma 3.4 implies that we need to prove that the fibre ev−1
P2
(π(x),p) is irre-
ducible and rationally connected for general x, so, as in Theorem 3.5, we look at
the map
Ψm+d(9−δ) : M0,m+d(9−δ)(P
2, 3d)→M0,m+d(9−δ) × (P
2)m+d(9−δ).
We want to apply Corollary 1.15, so let us define, for all d ≥ 1, the function md as
md :=
⌊
(2δ − 9)d
2
⌋
+ 1.
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Since δ ≥ 5, for (2δ−9)d ≥ 2(md−1) and this is exactly the numerical condition
(1) form Lemma 2.4 with m = md. After reordering the points (π(x),p), as in
Theorem 3.5, we gain also condition (2), so the fibre ev−1
P2
(π(x),p) is a projective
fibration over M0,md+d(9−δ), which is rational (cf. [Kap93]). Since the function md
is strictly increasing, we obtain the strong statement. 
If δ ≤ 4, rational simple connectedness becomes more subtle, as the following
example shows.
Example 3.7. Let us consider M
bir
0,2(X4,−KX4), which is irreducible by [Tes09,
Theorem 5.1]. Using Lemma 3.4, we deduce that the fibre over a general x ∈ (X4)2
of the evaluation map
evX4 : M
bir
0,2(X4,−KX4)→ (X4)
2
is dominated by the fibre ev−1
P2
(π(x),p) of
evP2 : M0,7(P
2, 3)→ (P2)7.
One can show that this general fibre is isomorphic to a smooth quartic in P2 (cf.
[Tes05, Proposition 3.2.3]).
4. The Fano threefold V5
4.1. The birational geometry of V5. We introduce the central object of this
section. For more details one can look at [IP99, pag. 60-61], [San14, Section 2],
[CS16, Chapter 7] and [KPS18, Section 5.1].
Definition 4.1. A smooth Fano threefold X with ρ(X) = 1, Fano index ι(X) = 2
and degree (H3) = 5 is denoted by V5.
From Iskovskikh’s classification of smooth Fano threefolds with ρ = 1 (cf. [IP99,
Section 12.2]) we know that V5 is isomorphic to the linear section of the Grassman-
nian Gr(2, 5) ⊂ P9 by a general linear subspace P6 ⊂ P9.
Since V5 verifies the index condition ι = n− 1, where n is the dimension, in the
literature, sometimes authors refer to V5 as the del Pezzo threefold of degree 5.
Let us look now at the SL2(C)-action on V5: one takes a vector space U with
dimU = 2, chooses a basis of ∧2U to identify U and its dual U∨. Let us de-
note by Sn := Sym
n(U) the symmetric tensor and consider the Clebsch-Gordan
decomposition of ∧2S4 as SL(U)-module:
∧2S4 ≃ S2 ⊕ S6.
This shows how to induce a natural SL(U)-action on V5 = Gr(2, S4) ∩ PS6, which
is the intersection of two SL(U)-invariant varieties.
Using the description provided in [MU83, Section 3], one deduces the orbit struc-
ture V5 with respect to the SL2(C)-action (see also [IP99, pag. 60-61]).
Lemma 4.2. [MU83, Lemmas 1.5-1.6] There is an action of SL2(C) on V5 with
three orbits with the following description;
• a 1-dimensional orbit σ (with representative [x6] ∈ PS6) which is a rational
normal sextic in P6;
• a 2-dimensional orbit E \ σ (with representative [x5y] ∈ PS6), where E is
a quadric surface which is the tangential scroll of σ. The normalisation
ν : P1 × P1 → E is determined by a (non-complete) system of degree (1, 5);
22 ANDREA FANELLI, LAURENT GRUSON, AND NICOLAS PERRIN
• a 3-dimensional orbit U (with representative [xy(x4 + y4)] ∈ PS6).
The following construction is essential for our analysis. This can be found in
[IP99, pag 147, Example (i)], [CS16, Section 7.7].
Lemma 4.3. Let l be a line in V5. Then the projection φl : V5 99K P
4 from l is
dominant on a quadric threefold Q3 and is birational. In particular V5 is a rational
threefold.
Let Dl be the divisor spanned by the lines in V5 meeting l. Then Dl is a hyper-
plane section of V5 ⊂ P6 and φl(Dl) = γl is a twisted cubic in Q3.
4.2. Rational curves on V5 and rational simple connectedness. Let us list
some remarkable properties which hold for some moduli spaces of rational curves
on V5. For more details, see [KPS18, Section 5.1].
• let x ∈ V5 be a general point, then the VMRT is the union of three (reduced)
points (cf. [Ili94]);
• more precisely, the moduli space M0,0(V5, 1) is isomorphic to the Hilbert
scheme of lines and (cf. [Isk79, Proposition 1.6(i)])
H0,1 ≃ PS2(≃ P
2).
Looking at the incidence correspondence we have the following diagram:
(4.S) M0,1(V5, 1)
ev1
3:1
//
ϕ

V5
P2
.
The map ev1 is a 3-to-1 cover ramified on the surface E and fully ramified
on the sextic σ (cf. [Ili94, 1.2.1(3)], [San14, Corollary 2.24]).
We study here the moduli spaces M0,m(V5, d) for d ≥ 2 and prove some ra-
tionality results, when m ≤ 2. Quite recently, the structure of M0,0(V5, d) has
been studied in [LT17, Theorem 7.9]. In particular, its decomposition in irre-
ducible components is deduced. Our approach is different for V5: we first prove
that M
bir
0,0(V5, d) is unirational (and irreducible) of dimension 2d. From this the
structure of M0,0(V5, d) follows.
Definition 4.4. For any d ≥ 1 the closure in M0,0(V5, d) of the moduli space of
morphisms which factor through a line is denoted by M
line
0,0 (V5, d).
Our main structure result is the following.
Theorem 4.5. For any d ≥ 1 the moduli space M0,0(V5, d) has pure dimension 2d.
Moreover, for d ≥ 2, the moduli space M0,0(V5, d) has two irreducible components:
M0,0(V5, d) = M
bir
0,0(V5, d) ∪M
line
0,0 (V5, d).
Furthermore,
• M
bir
0,0(V5, d) is unirational;
• M
line
0,0 (V5, d) is rational.
In order to exploit the quasi-homogeneity of V5, we need few lemmas.
Lemma 4.6. Let C be a curve in V5. Then:
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(1) there exists a line l with l ∩ C = ∅;
(2) If C is reduced of degree d and meets the dense orbit U , there exists a line
l with l ∩C = ∅ and such that its intersection with the divisor Dl (spanned
by the lines in V5 meeting l) is a union of d reduced points.
Proof. Looking at the incidence correspondence (4.S), we notice that he locus of
lines meeting C is given by ϕ(ev−11 (C)), which is a curve in P
2. This proves (1).
For a general line, the surfaceDl meets properly the SL2(C)2-orbits. By Kleiman-
Bertini’s theorem (cf. [Kle74, Theorem 2(ii)]), we get that there exists a line l such
that C ∩Dl is a finite reduced union of points. 
Lemma 4.7. Any irreducible component of M0,0(V5, d) contains stable curves
whose image meets U , the dense SL2(C)-orbit.
Proof. Since any irreducible component of M0,0(V5, d) has dimension at least 2d
(cf. (1.B)), the morphisms that factor through the orbits E \ σ and σ cannot form
irreducible components. Indeed, the subscheme of stable maps that factor through
the rational sextic curve σ, is isomorphic to M0,0(P
1, d/6), when d is a multiple of
6 and empty otherwise. In particular is has dimension d/3 − 2 < 2d, when non-
empty. Recall that the closure E of the two-dimensional orbit is a denormalisation
of P1 × P1 with associated map ν : P1 × P1 → S of degree (1, 5), cf. Lemma 4.2. A
similar computation shows that the dimension of stable map that factor through
E has dimension 2d − 1 < 2d when nonempty: when d is a multiple of 6, this
moduli space is given by M0,0(P
1 × P1, d6 (1, 5)). So any irreducible component of
M0,0(V5, d) contains stable maps whose image meet the dense orbit in V5. 
The key result is the following.
Proposition 4.8. For any d ≥ 1 the moduli space M
bir
0,0(V5, d) is irreducible, uni-
rational of dimension 2d.
Proof. Since every irreducible componentM ofM
bir
0,0(V5, d) has dimension dimM ≥
2d (cf. [Kol96, Theorem II.1.2]), let f : P1 → V5 be a general element of the dense
subset inM . Since f(P1)∩U 6= ∅, the pull-back f∗TV5 of the tangent bundle of V5 is
globally generated (cf. [Deb01, Example 4.15(2)]). We thus have H1(P1, f∗TV5) = 0
and dimH0(P1, f∗TV5) = 2d. This proves that M
bir
0,0(V5, d) has dimension 2d.
We now prove thatM
bir
0,0(V5, d) is irreducible and unirational. Lemma 4.7 implies
that there exists a map [f0] ∈ M such that f0(P1) meets the dense orbit U and
therefore Lemma 4.6(1) implies that there exists a line l such that l ∩ f0(P1) = ∅.
In particular, projecting from l as described in Lemma 4.3, we obtain a rational
map at the level of moduli spaces:
Φl : M 99KM
bir
0,[d](Q3, d)
[f ] 7→ [φl ◦ f ],
where M
bir
0,[d](Q3, d) is the quotient of M
bir
0,d(Q3, d) by the action of the symmetric
group. Since the projection φl is birational, note that Φl is birational onto its
image Φl(M). Let us study this image: for a general f ∈ M , its image verifies
f(P1) ∩ l = ∅, by Lemma 4.6(1) and the image [φl(f)] in M
bir
0,d(Q3, d) is a stable
map of degree d. Furthermore φl(f) meets the hyperplane section Dl covered by
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lines meeting l in d distinct reduced points by Lemma 4.6(2), therefore Φl(f)(P
1)
meets the twisted cubic γl in d distinct reduced points.
In particular, let evd : M
bir
0,d(Q3, d) → Q
d
3 be the evaluation map. We have that
ev−1d (γ
d
l ) dominates Φl(M), via the quotient by the symmetric group Sd. To prove
unirationality of M it is therefore enough to show that ev−1d (γ
d
l ) is unirational of
dimension 2d.
Let ϕd+1 : M
bir
0,d+1(Q3, d) → M
bir
0,d(Q3, d) the map forgetting the last marked
point and evd+1 : M
bir
0,d+1(Q3, d)→ Q
d+1
3 the evaluation at all marked point. Then
ϕd+1 : ev
−1
d+1(γ
d
l ×Q3)→ ev
−1
d (γ
d
l ) is dominant and since the fibres of the last map
have dimension one, it is enough to prove that M := ev−1d+1(γ
d
l ×Q3) is irreducible
and unirational of dimension 2d+ 1.
We prove that M is actually rational. Let M
′
be an irreducible component of
M ; following Notation 1.16, consider the map
Ψd+1 : M
′
→M0,d+1 × γ
d
l ×Q3.
Since M is locally defined by 2d equations, coming from the local equations of γl
in Q3, the irreducible component M
′
has dimension at least 2d+ 1.
Proposition 2.17 implies that Ψd+1(M
′
) contains an elements whose associated
matrix A has rank at least 2
⌈
d−1
2
⌉
. We study separately two cases.
• If d = 2k even, a general element in Ψd+1(M
′
) defines a matrix A of rank
2k and the fibre is a point, by Lemma 2.15. The map Ψd+1 is therefore
birational to its image and has to be dominant since M0,d+1× γdl ×Q3 has
dimension 2d + 1. In particular M
′
is rational and there is a unique such
irreducible component.
• For d = 2k + 1 odd, a general element in Ψd+1(M
′
) defines a matrix A of
rank 2k, the fibre is an open subset in P1 and even an open subset of a P1
bundle over Ψd+1(M
′
). Indeed, by Lemma 2.11, we have a rational section
given by the vector N0 = ((−1)
j pf(A(0, j)))j . The image Ψd+1(M
′
) is then
given by the locus
Ψd+1(M
′
) = {(t,x) ∈M0,d+1 × γ
d
l ×Q3 | pf(A) = 0}.
Consider the map θ : Ψd+1(M
′
)→M0,d+1×γ
d
l obtained by projection. This
map is surjective and its fibre is a linear section of Q3 therefore a (rational)
2-dimensional quadric. Since θ has a rational section (take Ψd+1(M
′
) ∩
(M0,d+1 × (γl)d × L) where L is a general line in Q3), we see that M
′
is
rational and there is a unique such irreducible component.
This concludes the proof. 
Proof of Theorem 4.5. We first prove that M
line
0,0 (V5, d) is rational. We have the
following isomorphism given by composition of stable maps:
M0,0(P
1, d)×M0,0(V5, 1)→M
line
0,0 (V5, d).
It is well known that the moduli space M0,0(P
1, d) is rational of dimension 2d− 2
(cf. [KP01, Corollary 1]) and M
line
0,0 (V5, 1) is isomorphic to P
2 so that M
line
0,0 (V5, d)
is rational of dimension 2d.
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We prove by induction on d that M0,0(V5, d) has two irreducible components
M
bir
0,0(V5, d) and M
line
0,0 (V5, d), both of dimension 2d. Indeed, if there exists an
irreducible component not contained inM
bir
0,0(V5, d)∪M
line
0,0 (V5, d), then it is covered
by the images of the gluing maps:
M0,1(V5, d1)×V5 M0,1(V5, d2)→M0,0(V5, d)
with d1 + d2 = d. By induction assumption, this space has dimension at most
(2d1 + 1) + (2d2 + 1) − 3 = 2d − 1 < 2d. Contradiction. So the theorem is a
consequence of Proposition 4.8. 
This argument can be easily adapted to obtain rational simple connectedness.
Theorem 4.9. The Fano threefold V5 is rationally simply connected.
Proof. Let ev2 : M
bir
0,2(V5, d) → V
2
5 be the evaluation map. We want to prove that
the general fibre Mx = ev
−1
2 (x) is rationally connected of dimension 2d − 4. We
will actually prove that Mx is unirational.
Since M
bir
0,2(V5, d) is irreducible of dimension 2d+ 2, any irreducible component
M ′ ofMx contains a curve with smooth source and [Deb01, Proposition 4.14] implies
that M ′ has expected dimension 2d− 4.
Let l be a line passing through x1 but not though x2. By composition with the
projection φl : V5 99K Q3 (cf. Lemma 4.3 for the notation), a stable map [f ] ∈Mx
with multiplicity one in x1 is sent to a stable map φl ◦f in Q3 of degree d−1 whose
image meets the twisted cubic γl in d− 2 points and which passes through the fibre
ℓ := φ−1l (x1) over x1. So, we obtain a rational map at the level of moduli spaces:
Φl : M
′
99KM
bir
0,[d](Q3, d− 1)
[f ] 7→ [φl ◦ f ],
birational onto its image, Here, M
bir
0,[d](Q3, d− 1) is the quotient of M
bir
0,d(Q3, d− 1)
by the action of the symmetric group. We look at the image: by construction,
ℓ is a line meeting γl. Furthermore, since x2 is in general position, it is outside
the indeterminacy locus of φl, we deduce that the image Φl(Mx) is dominated
(via the quotient by the symmetric group Sd) by ev
−1
d (γ
d−2
l × ℓ×{φl(x2)}), where
evd :M0,d(Q3, d− 1)→ Q
d
3 is the usual evaluation map.
It is therefore enough to prove that M := ev−1d (γ
d−2
l × ℓ× {φl(x2)}) is irreducible
and unirational of dimension 2d− 4.
As in Proposition 4.8 we prove that M is actually rational. Let M
′
be an
irreducible component of M
′
; following Notation 1.16, we look at the map
Ψd : M
′
→M0,d × γ
d−2
l × L× {φl(x2)}.
The same argument of Proposition 4.8 implies thatM
′
has dimension at least 2d−4.
Since the points x = (x1, x2) are in general position, we can apply Proposi-
tion 2.17 which implies that Ψd(M
′
) contains an elements whose associated matrix
A has rank at least 2
⌈
d−2
2
⌉
. We study separately two cases.
• If d = 2k+ 1 odd, a general element in Ψd(M
′
) defines a matrix A of rank
2k and we conclude by Lemma 2.15 that Ψd is birational ontoM0,d×γ
d−2
l ×
L× {φl(x2)}, which is rational.
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• For d = 2k even, a general element in Ψd(M
′
) defines a matrix A of rank
2k − 2, the fibre is an open subset in P1 and even an open subset of a P1
bundle over Ψd+1(M
′
), by Lemma 2.11. We conclude as in Proposition 4.8.
This concludes the proof. 
It would be interesting to answer the following, since our methods cannot be
adapted if the number of marked points increases.
Question 4.10. Is the Fano threefold V5 strongly rationally simply connected?
4.3. Moduli spaces of rational curves on V5 in low degree. In this final part
we give some explicit construction for Hilbert schemes of rational curves in V5,
which imply rationality results for low-degree M
bir
0,0(V5, d). These are well-known
results, especially up to degree 5. The case d = 6 of sextic curves has been studied
in [TZ12b] and the authors prove that this space is rational (cf. [TZ12a], [TZ12b,
Theorems 1.1-5.1]).
For any integer d ≥ 1, the Hilbert scheme of degree d rational curves in V5 is
denoted by H0,d = H0,d(V5).
Up to cubic curves, the description of H0,d is classical.
Lines in V5. H0,1 ≃ PS2 (cf. [Isk79, Proposition 1.6(i)], [FN89, Theorem 1]).
Conics in V5. H0,2 ≃ PS4 (cf. [Ili94, Proposition 1.22]).
Cubics in V5. H0,3 ≃ Gr(2, S4) (cf. [San14, Proposition 2.46]).
This implies that M
bir
0,0(V5, d) is rational for 1 ≤ d ≤ 3.
Quartics in V5. Although the following results are well-known to experts, we pro-
vide here geometric proofs.
Proposition 4.11. The moduli space M
bir
0,0(V5, 4) is rational of dimension 8.
Proof. A rational quartic C in V5 is clearly non-degenerate, so its linear span is
a linear subspace HC isomorphic to P
4 ⊂ P6. This linear subspace HC intersects
V5 along a degree 5 curve and, by adjunction formula, this is an elliptic curve.
Therefore HC ∩ V5 is the union of C and a line lC bisecant to C. We therefore
obtain a rational map
M
bir
0,0(V5, 4) 99KM
bir
0,0(V5, 1).
Furthermore, if l ⊂ V5 is a line and H is a general codimension 2 linear subspace
in P6 with l ⊂ H , then H ∩ V5 is the union of l and a degree 4 rational curve. This
proves that M
bir
0,0(V5, 4) is birational to the variety Z obtained via the following
fibre product:
Z //

Fl(2, 5; 7)

M
bir
0,0(V5, 1) // Gr(2, 7),
where Gr(2; 7) is the grassmannian of lines in P6 and Fl(2, 5; 7) is the partial flag
variety of pairs (l, H) with l a line in P6 and H ⊃ l a linear subspace of codimension
2 in P6. Since the right vertical map is locally trivial in the Zariski topology, the
same is true for the left vertical map. The fibres of both vertical maps are rational
(isomorphic to Gr(3, 5)) and M
bir
0,0(V5, 1) is rational, proving the result. 
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We recall some notation on (projective) normality (cf. [SR49, Definition I.4.52]).
Definition 4.12. Let X be an integral variety and let X ⊂ Pn be a non-degenerate
embedding. One says that X is a normal subvariety in Pn if it is not a projection
of a subvariety of the same degree in PN , with N > n.
One says that X is linearly normal if the restriction map
H0(Pn,OPn(1))→ H
0(X,OX(1))
is surjective.
Remark 4.13. Let X ⊂ Pn be non-degenerate. Then one can show the following
implications (cf. [Dol12, Proposition 8.1.5]):
• X is a normal subvariety in Pn ⇒ X is linearly normal;
• X is linearly normal and normal ⇒ X is a normal subvariety in Pn.
Bisecants in V5. In order to study moduli spaces of quintic and sextic curves, we
need to look at bisecant lines. Let C ⊂ V5 be a smooth connected curve of degree d
and genus g. The set of bisecants to C (i.e. the lines in V5 meeting C in two points)
is expected to be of codimension two in PS2, that is, finite.
Lemma 4.14. Keep the notation as above.
Then the number of bisecants to C is
(
d−2
2
)
− 3g.
Proof. We compute the genus g′ of the inverse image C′ of C in the incidence
correspondenceM0,1(V5, 1) (cf. (4.S)) and the degree δ of the projection C
′ → PS2.
The projectionM0,1(V5, 1)→ V5 is 3-to-1 and ramifies exactly onE (cf. the notation
of Lemma 4.2 and [FN89, Lemma 2.3]), which is a section of OV5(2), Hurwitz
formula implies
2g′ − 2 = 3(2g − 2) + 2d,
giving g′ = 3g+ d− 2. Moreover, δ = d, since the image in V5 of the inverse image
in M0,1(V5, 1) of a line ℓ in PS2 is the hyperplane section Hl ∩ V5 swept out by
the lines which intersect the line l, where l is the line of V5 corresponding in PS2
to the orthogonal of ℓ. The expected number is the double locus of the projection
C′ → PS2 which is
(
d−1
2
)
− g′. 
Quintics in V5 via Desargues configurations. For any smooth rational quintic
C in V5, one sees it is linearly normal, i.e. it is contained in a unique hyperplane
HC ⊂ PS6. Let us consider the surface S = SC := HC ∩V5. The surface S is either
non-normal, or a (possibly singular) del Pezzo surface of degree 5.
If S is non-normal, then S = V5∩Hl, where l is a line in V5 and Hl is the hyperplane
containing the first infinitesimal neighbourhood Spec(OV5/I
2
l/V5
) of l in V5, since
the non-normal locus is a line (cf. [BS07, Proposition 5.8]). In this case, S is the
union of lines in V5 meeting l (cf. [PS88, Proposition 2.1], [FN89, Corollary 1.3]) and
contains a 6-dimensional family of rational normal quintics (excluding the particular
case of hyperplane sections of S). For such a quintic, the line l is a triple point
of the scheme (of length 3) of bisecant lines to C (cf. Lemma 4.14). Varying the
line l, we obtain a 8-dimensional family of quintic curves, which is smaller than the
expected dimension 10.
Let us study now the normal case. Let S˜ be the anticanonical model of S, then
the class OS˜(C) of C in S˜ is given by α−KS˜, for some root α ∈ Pic(S˜) (cf. [Dol12,
Section 8.2.3]). We recall that the roots of Pic(S˜), i.e. the orthogonal lattice to
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KS˜ in Pic(S˜) (of type A4) are the differences πi − πj , with i 6= j, where πi are the
markings of the del Pezzo surface.
One can see the roots in Pic(S˜) via a self-conjugate (with respect to the funda-
mental conic) Desargues configuration in PS2. This it a very geometric interpre-
tation of the root system A4. Assume that S is smooth (i.e. it contains ten lines,
which are points in PS2). The lines of S are the sums KS+πi+πj , indexed by the
2-subsets {i, j} ⊂ [1, 5] and we denote them by ℓij . Let Mij be the corresponding
point in PS2. Moreover, two lines ℓij and ℓkl meet if and only if Mij and Mkl are
conjugate (with respect to the fundamental conic) in PS2. This is the case if and
only if {i, j} ∩ {k, l} = ∅. So the ten points Mij and their polar lines M⊥ij form a
Desargues configuration, i.e. a line contains three points and a point lies in three
lines. This configuration contains twenty triangles indexed by the roots of Pic(S˜):
a root is an ordered pair (i, j) and we associate to it a triangle in the following way.
Take for instance (1, 2): we associate to it the triangle M13M14M15, which is in
perspective from M12 to its conjugate M23M24M25.
Proposition 4.15. The moduli space M
bir
0,0(V5, 5) is rational of dimension 10.
Proof. Let C be a smooth rational quintic curve in V5. We can assume it is con-
tained a normal hyperplane section S = SC of V5, in fact we may assume the
smoothness of S, since the map C 7→ S is a P4-fibration: this can be seen comput-
ing H0(S˜, α−KS˜) = 5 on the canonical model of S.
We know that the class OS˜(C) in Pic(S) is α−KS for some root α which we choose
labeled as (1, 2). We obtain:
(C · lij) =


0 if i = 1, j = 3, 4, 5;
2 if i = 2, j = 3, 4, 5;
1 otherwise.
the bisecants to C form the triangle M23M24M25 (in the Desargues configuration
explained above) associated to the root (2, 1). Furthermore, we remark that the
triangles correspond exactly to the sets of three lines on S generating a hyperplane.
We obtained this way a rational map associating to a rational quintic its set of
bisecant lines:
Ψ = Ψ5 : M
bir
0,0(V5, 5) 99K H
C 7→ [M23,M24,M25]
where H := Hilb(3,PS2).
We study the fibres of Ψ: choose a general point of H := Hilb(3,PS2): the corre-
sponding set τ of three lines in V5 generates a hyperplane H . Consider the smooth
surface S := V5 ∩H . There exists exactly one root α ∈ Pic(S) whose intersection
product with the lines corresponding to τ is 1. The quintic rational curves in V5
whose set of bisecants is τ are exactly the sections of the invertible sheaf α −KS˜
on S and they form a 4-dimensional projective space. Therefore the map Ψ, is
(birationally) a P4-fibration.
We remark that the construction is still meaningful over the field of rational func-
tions of H, i.e. Ψ is Zariski-locally trivial: in fact, the generic point η of H gives a
divisor of a del Pezzo surface Sη defined over K = C(H), with three lines defined
over K. So also the root is defined over K, i.e. α ∈ Pic(Sη).
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To conclude, the variety H is rational: it is easy to see that Hilb(3,P1 × P1) is ra-
tional since, once we fix a ruling P1×P1 → P1, there is a birational correspondence
between the conics on P1 × P1 and the set of three rules. 
Sextics in V5 the Segre nodal cubic. We conclude studying sextic curves in V5.
Remark 4.16. First, we recall the classical and sporadic isomorphism Spin5 ∼ Sp4.
The group G = Sp4 has two sets of maximal parabolic subgroups. One of those can
be identified with the quadric Q3 (the closed orbit of the standard representation
of G viewed as Spin5); the other one is the projective space P
3 (the closed orbit of
the standard representation of G viewed as Sp4).
The variety B of Borel subgroups of G, viewed inside Q3 × P3, is the incidence
correspondence (line, point), when we view Q3 as the set of isotropic lines in P3
with respect to the standard symplectic form. More precisely, the fibre in B of a
point P ∈ P3 is a line ℓp ⊂ Q3 and the fibre in B of a point Q ∈ Q3 is an isotropic
line lQ ⊂ P3. The relations Q ∈ ℓP and P ∈ lQ are equivalent.
We provide here a new geometric proof of the following result by Takagi and
Zucconi (cf. [TZ12b, Theorem 5.1]).
Proposition 4.17. The moduli spaceM
bir
0,0(V5, 6) is rational of dimension 12. More
precisely, the rational map
Ψ6 : M
bir
0,0(V5, 6) 99K Hilb(6,PS2)
sending a general rational sextic curve to its set of bisecants is birational.
Proof. Lemma 4.14 implies that a rational sextic in V5 has six bisecant lines, so it
remains to prove that for 6 lines in V5 in general position li, with i ∈ [0, 5], there
exists a unique rational sextic which is bisecant to them. Let us fix one of these
lines l0 and consider the projection from it, which we saw in Lemma 4.3:
φl0 : V5 99K Q3
which is birational. The rational sextics in V5 which are bisecant to l0 are in 1-to-1
correspondence with the rational quartics in Q3 which are bisecant to γl0 (keeping
the notation of Lemma 4.3). Moreover the strict transforms of the lines l1, . . . l5
in Q3 are lines l
′
i ⊂ Q3 which are secant to γl0 . Our problem is then reduced to
counting rational quartics in Q3 which are bisecant to the l′i’s and to γl0 .
The correspondence in Remark 4.16 provides a birational correspondence be-
tween the variety parametrising the smooth non-degenerate rational quartics in
Q3, and the variety parametrising the twisted cubics in P3. Indeed, a rational
quartic curve δ ∈ Q3 is the ruling of a quartic scroll Σδ ⊂ P3 whose double locus
is the corresponding twisted cubic γ ⊂ P3. Conversely, the datum of γ allows to
reconstruct δ as the locus of isotropic lines in P3 which are bisecant to γ.
Moreover, the marked twisted cubic γl0 corresponds to the ruling of a cubic scroll
Σγl0 . Since each line ℓi ∈ Q3, with i ∈ [1, 5] meets γl0 , the cubic scroll Σγl0 contains
the points Pi defined by ℓi := ℓPi . So our problem is now reduced to enumerating
the twisted cubics γ ∈ P3 through the points Pi ∈ P3 and bisecant to two rules
Σγl0 .
We perform now another birational transformation: let P ⊂ P3 be the union of
the five points Pi’s and consider the linear system of quadrics passing through P .
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This defines a birational map
ϕP : P
3
99K S3 ⊂ P
4,
where S3 is the 10-nodal Segre cubic primal (cf. [Dol16, Section 2]) and the inde-
terminacy locus of ϕP coincides with P . This map can be seen as the composition
ϕP = pr ◦ v2 : P
3 →֒ v2(P
3) 99K S3 ⊂ P
4,
where v2 : P
3 → P9 is the second Veronese map and pr = pr〈v2(P)〉 is the projection
from the 4-dimensional linear space spanned by v2(P).
Recall that the system of twisted cubics through P is transformed into one of
the six two-dimensional systems of lines in S3 (the other five are the transforms of
the systems of lines through the pi’s).
The image v2(Σγl0 ) is a conic bundle over γl0 ≃ P
1. The normal model of Σγl0
is P(OP1(1)⊕OP1(2)), while the scroll given by union of the planes spanned by the
conics (the fibres) of v2(Σγl0 ) is V := P(OP1(2)⊕OP1(3)⊕OP1(4)). One sees that
degV = 9 and V ∩ 〈v2(P)〉 = v2(P). Its projection W := pr(V ) is therefore of
degree 4 and so is its dual W∨, a ruled surface in (P4)∨. By the formula in [Bak60,
Chapter IV, Example 2, p. 174], this surface has one singular point T in which
two rules meet. The corresponding hyperplane H of P4 contains two planes on W
meeting along a line lT and containing two conics on the transformed surface Σγl0 .
The line lT is the transform of the requested twisted cubic γ. 
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